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Abstract 



Let G be an abelian group. We prove that a group G admits a Hausdorff group 
topology r such that the von Neumann radical n(G, r) of (G, r) is non-trivial and finite 
iff G has a non-trivial finite subgroup. If G is a topological group, then n(n(G)) ^ n(G) 
\mJ • if and only if n(G) is not dually embedded. In particular, n(n(Z, r)) = n(Z, r) for any 

^ . Hausdorff group topology r on Z. 

We shall write our abelian groups additively. For a topological group X, X denotes the 
group of all continuous characters on X. We denote its dual group by X A , i.e. the group X 
endowed with the compact-open topology. Denote by n(X) = fl xg ^kerx the von Neumann 
radical of X. If H is a subgroup, we denote by H x its annihilator. If A be a subset of a group 
CS| ! X, (A) denotes the subgroup generated by A. 

Let X be a topological group and u = {«„} a sequence of elements of X. We denote by 
s u (X) the set of all x G X such that {u n , x) — > 1. Let G be a subgroup of X. If G = s u (X) we 
q ■ say that u characterizes G and that G is characterized (by u). 

Following E.G.Zelenyuk and I.V.Protasov [ID] , [TT] . we say that a sequence u = {«„} in a 
group G is a T-sequence if there is a Hausdorff group topology on G for which w n converges to 
zero. The group G equipped with the finest group topology with this property is denoted by 
(G,u). 

Group topologies on Z(p°°) with n(Z(p°°)) = Z(p) were considered in corollary 4.9 [3]. 
Although no explicit construction of such topology was given there, it was conjectured by 
D. Dikranjan that such topology can be found by means of an appropriate T-sequence on 
1t(p°°). This conjecture was successfully proved by G. Lukacs |7] for every prime p ^ 2. He 
called a Hausdorff topological group G almost maximally almost-periodic if n(G) is non-trivial 
and finite and raised the problem of their description. He proved that infinite direct sums 
and the Priifer group Z(p°°), for every prime p ^ 2, are almost maximally almost-periodic. 
A.P.Nguyen [S] generalized these results and proved that any Priifer groups Z(p°°) and a wide 
class of torsion groups admit a (Hausdorff) almost maximally almost-periodic group topology. 
Using theorem 4 [5], we give a general characterization of almost maximally almost-periodic 
groups. 

Theorem 1. Let G be an infinite group. Then the following statements are equivalent. 
1. G admits a T-sequence u such that (G,u) is almost maximally almost-periodic. 
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2. G has a non-trivial finite subgroup. 

Evidently that n(n(G)) 7^ n(G) if n(G) is non-trivial and finite. This observation leaded 
G. Lukacs [7] to the problem of description of abelian groups G which admit a T- sequence u 
such that n(n((j, u)) is strictly contained in n(G, u). We can generalize this question in the 
following way. 

Problem. Which abelian groups G admit a Hausdorff group topology r such that 
n(n(G,r))^n(G,r)? 

By theorem [TJ if G is a not torsion free group, the answer is positive. But for torsion free 
groups an answer is negative in general. We give an answer to this problem in the next theorem. 

Theorem 2. Let G be a topological group. Then n(n(G)) 7^ n(G) if and only if n{G) is 
not dually embedded. In particular, n(n(Z, r)) = n(Z, r) for any Hausdorff group topology r 
on Z. 

The proofs 

The following lemma plays an important role for the proofs of theorems [TJ and [2J 
Lemma 1. [5] Let H be a dually closed and dually embedded subgroup of a topological 
group G. Then 11(H) = n(G). 

Proof of theorem [TJ It is clear that 1 =>- 2. 

Let us prove that 2 =>• 1. Denote by H any countable subgroup which contains an element 
of finite order. If H admits an almost maximally almost-periodic group topology, then we can 
consider the topology on G in which H is open. Since any open subgroup is dually closed and 
dually embedded (lemma 3.3 [9]), by lemma [TJ G admits an almost maximally almost-periodic 
group topology too. Thus we can and will pass to countable subgroups. In particular, we will 
suppose that G is countable. There exist three possibilities. 

1) G contains an element g of infinite order and an element e of order p for some prime p. 
Thus G contains the subgroup (e, g) which is isomorphic to Z(p) © Z. By lemma [TJ we can 
assume that G = Z(p) © Z. Then G A = Z(p) © T. Now we define the following sequence 

d 2n -i = e + p ni - n2 + ■■■+ p n3 ~ 2n + p n3 ~ n + p n \ d 2n =p n , n > 1. 

Let us prove that d = {d n } is a T-sequence. 

For our convenience, we put /„ = p™ 3- ™ 2 -| \-p n3 ~ 2n -\-p n3 - n +p n3 ^ then f n < 2p n3 < p n3+l . 

For any < r\ < r 2 < • • • < r v and integers h,h, ■ ■ ■ ,lv such that Y^i=i \h\ < k + 1, we have 

\hf ri + hfr 2 + ■■■ + IvfrJ <{k+ l)f rv <{k+ l) P r3+ \ (1) 

Let g = ae + b ^ 0, < a < p, b G Z, and k > 0. Set t = \b\ + p(k + 1) and m = lOt. We 
shall prove that g (jL A(k,m). 

a) Let cr G A(k,m) have the following form 

a = hd 2ri + hd 2 r 2 H h l s d 2rs = hp ri H h l s p rs = p ri • cr', 

where m < 1r\ < 2r 2 < ■ ■ ■ < 2r s and a' G Z. If a' = 0, then a 7^ g. If cr' 7^ 0, then 
\o~\ > p ri > p 5 ' 6 ' > |6|, and a ^ g. 

b) Let cr G A(/c, m) have the following form 

cr = l\d 2ri -i + l 2 d 2r2 -\ + ■ ■ • + l s d 2rs -i, 
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where m < 2r\ — 1 < 2r 2 — 1 < • ■ ■ < 2r s — 1 and integers h, l 2 , ■ ■ ■ , l s be such that l s 7^ and 
Ei=i 1^1 <k + l. Since n 3 < (n + l) 3 - (n + l) 2 and r s > 5p(fc + 1), by CQ), we have 



|<7 - (h + ■ ■ ■ + l s )e\ = \hf ri + ■■■ + h-lfr^ + l a fr. \>fr s -(k + l)p r ^ +1 = 

p r ° H h (p r s- Vs ( rs - 1 1 + p r »- r » - (fc + l)p r ^i +1 j > (since (fc + l)p < p^' 1 ) > p r * > \b\ 

and a 7^ g. 

c) Let cr G A(k, m) have the following form 

a = £lG?2 n -l + ^2^2r 2 -l + " " " + hd 2rs -l + ^+1^2r s+ i + ^+2^2r s+2 + ' ' ' + ^hd 2rh) 

where < s < /i and 

m < 2ri — 1 < 2r 2 - 1 < • • • < 2r s - 1, 

m < 2r s+1 < 2r s+2 <■■■< 2r h , !<GZ\ {0}, ^ti IM < k + 1 - 

Since the number of summands in d 2rs -i is r s + 2 > 5p(A; + 1) + 2 and ft, — s < k + 1, there 
exists r s — 2 > i > 2 such that for every 1 < w < h — s we have 

either r s+w < r 3 - (z + 2)r s or r s+w > r 3 - (i Q - l)r s . 

The set of all w such that r s+w < r 3 — (i + 2)r s we denote by .B (it may be empty or has the 
form {1, . . . , 5} for some 1 < 5 < h — s). Set D — {1, . . . , h — s} \ B. Thus 

a = (h H h / s )e + l\J ri H h / a -i/r a _ 1 + 

V / , r/o 4- / ?/s- r s -I L / n r 3 s-{io+2)r s , 

^ p rf-(io+l)r s + / sp rf-i r s + 

Zap rS-«o-l)r. + . . . + /sp rf + £^ l s+w d 2rs+w . 

We can estimate the expression in row 2, which we denote by A 2 , as follows 

\A 2 \ < \ls +W \p r °- {i0+2)ra + \l s \2p r *- {H)+2)rs < 3(k + 1)p^-(*o+2)r 3 < p ri-(i 0+ l)r % ^ 

since 3 (A; + 1) < r s < p Vs — 1. For the expression in row 4, which we denote by A4, we have 

A, = J^-fr-D* + • ■ ■ + ^ + h +w d 2rs+w = p rM*>-i)r. . ^ (3) 

where a" 6 Z. By (□)- (ED, we have: if a" ^ 0, then 

|(T - (h + ■ ■ • + l h )e\ = \hf n + ■■■ + h-Jr^ +A 2 + l sP r s-(^y s + lsp r!-i r s + ^| > 

pr»-(io-l)r. _ (fc + l)^'-^ 1 - 2(A; + l)p^-i r s > 
p^-(i -l)r s _ 3^ _|_ l^pr 3 3 -ioT s > pr z s -i r a > pr 2 s > ^\b\ > |^| 

and a ^ g; if <r" = 0, then, by and ©, 

k - (2i H h h)e\ = \hf n + ■■■ + Wr._a + ^2 + ^- (i0+1)rs + / s ^- iors | > 

pr 3 s -i r s _ 3^ _|_ X^rJ-^o+l)^ > prf-(i +l)r s > ^ > ^|6| > |^| 
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and <J 7^ g too. Thus d is a T-sequence. 

Let us prove that s d (Z(p)©T) = 0©Z(p°°). Let < uo < p, x G T and (d n ,u + x) -► 1. Then 
(d 2n ,u+x) = (p n ,x) — > 1. Hence x G Z(p°°) (see [1] or remark 3.8 j2]). Let x = ^,/)GZ,t>0, 
then for n > 2r we have (c? 2n _i, u; + x) = (e, u;) — > 1 only if u = 0. Hence Cl(sd(G A )) = T. By 
theorem 4 [5], n(G, d) = Z(p) is finite. 

2) G is a torsion group and it contains a subgroup of the form Z(p°°). Then, by lemma 
[TJ we can assume that G = Z(p°°). Let w G Z(p°°) and (3 its order. G.Lukacs [7] defined the 
following sequence 

1 1111 
d 2n-i-u + ^^ + --- + -^ z ^ + -^ + -^, d 2n -—, n>l. 

He proved that if p > 2 then d = {d n } is a T-sequence. Now we give a simple proof that d is 
a T-sequence for every p. 

Let j = ^0g Z(p°°), 6 G Z, be an irreducible fraction and > 0. Then, for some q > z, 
■\ generates the subgroup containing u and g. Set t = p{k + 1) + q and m = lOt. We shall 
prove that g G" to). 

a) Let a G to) have the following form 

a = hd 2ri + hd 2r2 + h W2r s = hp ri H h ^p rs = P n ■ c', 

where m < 2r*i < 2r 2 < ■ • • < 2r s . Then 

> . , \U\ k + 1 k + l 1 

kl = \hd 2ri + hd 2r2 + ■■■ + hd 2rh \ <2^-r t ^ "ZFT < Ifc+T+^ < 3 

8=1 " 

and a ^ g (modi). 

b) Let a G A(k,m) have the following form 

a = l\d 2ri -\ + l 2 d 2r , 2 -i + • • • + l s d 2rs _i, 

where to < 1r\ — 1 < 2r 2 — 1 < • ■ ■ < 2r s — 1 and integers l\, l 2 , . . . , l s be such that l s ^ and 
Si=i K*l — ^ + 1- Since n 3 < (n + l) 3 — (n + l) 2 and r s > 5p(k + 1), we have 



a 



H — ^r, where ^' G Z. 



Since |/ a | < fc + 1 < ^ < p Ts 1 , we have the following: if a = z" G Z, is an irreducible 
fraction, then a > r 3 — r s + 1 > 5q and a 7^ g(modl). 
c) Let a G A(k,m) have the following form 

a = lld 2ri -l + hd 2 r2-l + • ■ ■ + W2r s -1 + ^s+1^2r s+ i + h+2d 2 r s+2 + " ' " + ^^2r h , 

where < s < /i and 

m < 2ri — 1 < 2r 2 - 1 < • • • < 2r s — 1, 

to < 2r s+1 < 2r s+2 <■■■< 2r h , UeZ\ {0}, £ii |^| < fc + 1. 

Since the number of summands in d 2rs _\ is r s + 2 > 5p(A; + 1) + g + 2 and /i — s < k + 1, there 
exists r s — 2 > i > 2 such that for every 1 < w < h — s we have 

either r s+u , < r 3 - (i + 2)r s or r s+w > r 3 - (i Q - l)r s . 



A 



The set of all w such that r s+w < r 3 — (i + 2)r s we denote by K (it may be empty or has the 
form {1, . . . , a] for some 1 < a < h — s). Set L = {1, . . . ,h — s}\B. Thus 



a - hd 2ri -l H h i s -lrf2r s _i-l + Y^weK l s+ W d 2 r a+w + t_ r '2 + ■ ■ ■ -?r_ 

, la 1 — J^, 1- 

o r s -('o + 1 ) r s p r a- i O r s 



p'-s-( i 0+ 2 ) r s 

I Is I 

r 3 — , — t —3—— — r 

p r 

Since n 3 < (n + l) 3 — (n + l) 2 , then the expression in row 1 can be represented in the form 
r 3_(ip + 2) rs ) f° r some c G Z. Since r s > 5p(/c + 1), then j^y^s < |f and 2A; < p 2k < p r \ Thus 



< _ a 7; — ■ " r- + — -r— < 

p.s J? 



pr|-(i -l)r a x }- ' 



1 / 32 , 1\ 2fc 

k—+k- ) < , jr_ -r- < 



prf-(»o-l)r a \ 31 p»"f-(*o-l)r a p<|— ws 

and we have the following: if a = c" G Z, is an irreducible fraction, then a > r 3 — (io + l)r s > 
5q and a 7^ g. Thus {<i n } is a T-sequence. 

Now we can repeat the proof of theorem 4.4(b) [7]. If x G s u (X) and (x,d 2n ) ~^ 1, then 
(x, x) = exp(27rimx), Wx G Z(p°°), for some m G Z (example 2.6.3 [H]). Since 

1 111 ri + 1 

< 3 2 + •• • + 3 , + —5— + — < 3 2 -> 

— p n n pn"—2n pn^—n p n — p 

one has (sc, G?2n-i) "~ > (a?, w). Thus (x,u) = 1. 

On the other hand, if x = (0, . . . , 0, 1, 0, . . . ), where 1 occupies the position j3 + 1, then 
(x ,<i n ) — > 1. Since the closure of (x ) is (m)- 1 (remark 10.6 [6]), we have n(X, u) = (w). 

3) G is a torsion group and it contains no a subgroup of the form Z(p°°). Then, by the 
Kulikov theorem (corollary 24.3 [1]), there exist some prime p\ and 1 < k\ < 00 such that 

X A = , L{jp\ 1 )@H 1 . 

Since H\ is infinite, again by the Kulikov theorem, there exist some prime p 2 and 1 < k 2 < 00 
such that 

H t = Z(p k 2 2 ) ® H 2 . 

Continuing this process we can see that G must contain a subgroup of the form Z(pj) 
with prime pj. Thus we can assume that G has this form. By theorem 3.1 [7], G admits an 
almost maximally-almost periodic group topology. □ 

Remark 1. I.Protasov and E.Zelenyuk pD] proved that there exists a T-sequence d such 
that (Z, d) has only the trivial character. Now we give a simple concrete such T-sequence. Let 
G = Z and 7 and q > 1 be any positive integers. Set 

d 2n -i = 1 + q ni - n2 + ■ ■ ■ + q n3 - 2n + q n3 ~ n + q n \ d 2n = q n , n > 1. 

Then d = {<i n } is a T-sequence. If 7 = q, then n(Z, d) = gZ. If 7 = 1, then n(Z, d) = Z. 
(Indeed, exactly the same proof which is in item 1) of the proof of theorem [T] (putting a = 
and t = \b\ + (k + l)(m + 7)) shows that d is a T-sequence. 



Let x e T and (d n ,x) — > 1. Then (rf 2n ,^) = (<? n , ^) — ► 1- Hence 

xeZ(^)e--©z(0 

where ti, . . . ,t a are the primes that divide g (remark 3.8 [2]). Hence, for enough large n we 
have (d 2n -i,x) = (j,x). Thus: if 7 = g, then Sd(T) = Z(g) and n(Z, d) = gZ; if 7 = 1, then 
n(Z,d) = Z.) □ 

Proof of theorem [2J Let n(£?) be dually embedded. Since n(G) is dually closed, then 
n(n(C7)) = n(G) by lemma [TJ Conversely, if n(n(C7)) 7^ n(C7), then there exists a nonzero 
character x e n(G) A . If x is extended to x G C A , then, by the definition of n(G), we must 
have (x, n(C7)) = (x, n (G)) = 1 and x is trivial. It is a contradiction. 

Let G — Z. Then any its nontrivial subgroup has the form pZ for some positive integer 
p. If H = n(Z, r), then if is closed. Since G/H is finite and discrete, ii is open and, hence, 
dually embedded [H]. The assertion follows. □ 
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